Spanning
Definition

A set of vectors {V,, V,, V;, ...,V } spans R" if there are constants c,, c,, C;, ...,
(k > n) such that
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We would be looking for constants ¢, and C, such that
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Example 2

5 j from example 1 span the entire R*? If yes,

1
Can the same vectors u = (3] and v :(

explain how. We would again be looking for constants ¢, and c, such that
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Test
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confirms the result in example 1.
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Vector Equation Form ( system of linear equations)

The system

3 X+ ApXy + AXg o+ X, =by

n

QX + AgyXy + AggXg + o+ + Ay X, = by (1)

A X+ A% + Xy + oo+ A X, =Dy

can be written in the vector equation form

a'11 a'12 a1n 1
a a a b

X | x| x| =] 2 (2)
a a a b



Matrix Equation Form

The system in (1) can also be written in the form

a3 ap 8 [ X 1
dy; 8y Aon || X2 | _ b,
_aml am2 a'mn_ Xn bm
3)
AX=b
Example
Express the system
X+y+z=0
y+2z=4
x — z=10

a. invector equation form;

1 1 1 0
X0 +y|l|+2z|2|=|4
1 0 -1 10

b. in matrix equation form;

1 1 1(x 0
01 2|y|=4
1 0 -1}z 10

Practice Problem

4da — 2b+c = 8
a +b+c=17
100a+10b +¢c =—-64

a. Express the system in matrix equation form.



b.  Express the system in vector equation form.

c. Solve the system (RREF).

THEOREM 1

The system

X, + a,X, +aX; +-+ X, :b1
Ay X + Xy + ByeXy + o+ 8, X, =D,

2n'n

Ay X+ 85X, + AggXy + o0+ 85 X = b3 (1)
Ay X, X, + 85Xy + -+ A X = bm

has either a unique solution, no solution, or infinitely many solutions.

Proof

Recall that the system in (1) can be express in the form AX = b, where

Q; Qp ... G X by
a a ... a R X . b
N L S B B
aml am2 amn Xn bm

If the system has a unique solution we are done, and the same is true if the system has
no solution. We will show that if the system has more than one solution, it must have

infinitely many of them. Let us assume that X and y are both solutions of the system
AX =b.Then AXx=b and Ay =b.Nowwe let Z = tX + (1—-t) ¥ where t is any

real number. Then

AZ= A(tX+(1-t)y)=A(tX+y-ty)
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=tA(X)+A(y)-tA(y)=tb+b—tb =b

Therefore, Z is also a solution of the system AX = b, and thus the system has infinitely
many solutions.



Homework

1 0 0
1. Dovectors u={0|, v=|1|, and w=| 0| span R*? Explain
0 0 1
1
1 - 4
2. Do vectors V, = L V, = and V, = L span R"?
-1 1
3. Can we span R* with more than 3 vectors?
1 0 1
4. Canthe same vectors i=| 0 |, V=|1|and w=| 1| span the entire R*?
-3 2 6

If yes, explain how.

5. True or False
a. We can span R® with 3 vectors as long as no two are on the same line.
b. We can span R* with 4 vectors as long as their RREF results in 4 pivots.

c. Two vectors V, and V, span R? if V,v,>0.



